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ABSTRACT

Several ephemeris representations for the Tracking and Data Relay Satellite
System (TDRSS) are discussed in this document. Representations employing
Hermite or Lagrange interpolation on mean equinoctial elements and a trigono-
metric series fit to Cartesian coordinates are compared with a high-precision
ephemeris to estimate their accuracy. Estimates of onboard computer core

and time requirements are also presented.
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SECTION 1 - INTRODUCTION

This memorandum presents an evaluation of ephemeris representations for the
Tracking and Data Relay Satellite System (TDRSS). The primary evaluation cri-
teria are éccuracy and computational cost. The algorithm selection was based
on a preliminary evaluation, carried out by Desai and Long (Reference 1). This

work was performed on the IBM System/360-95 computer.

The goal of this evaluation is to determine an optimal ephemeris represenfation
for the geosynchronous TDRSS orbits. The representation is to be used by the
Solar Maximum Mission (SMM) Onboard Computer (OBC) to compute the line-
of-sight vector from SMM to a TDRSS satellite. This information is required

for pointing the High Gain Antenna System (HGAS) at the TDRSS.

Section 2 of this document is devoted to an examination of the various mean ele-
ment ephemeris representations. A description is given of the different inter-
polation algorithms which were used. The results are presented in tabular form.
A graphical representation of these results obtained using the Goddard Trajec-
tory Determination System (GTDS) Ephemeris Comparison (COMPARE). Program

is also presented.

In Section 3, the trigonometric series Cartesian coordinate representation is
examined. The results of this analysis are presented, along with plots from

the GTDS COMPARE Program.

Section 4 is devoted to a comparison of the results obtained from the mean ele-
ment and trigonometric series representations. Estimates of comparative OBC
- time and core requirements are also presented. A direct evaluation of a trigo-
nometric series répresentation of the Cartesian coordinates for TDRSS is

recommended for use on SMM.
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SECTION 2 - EVALUATION OF MEAN ELEMENT EPHEMERIS
REPRESENTATIONS

In vi'ew‘of the low precision requirements for TDRSS position accuracy (i.e.,
about 10 kilometers) for the SMM mission, a mean orbital element represen-
tation was investigated. The mean equinoctial elements and element rates
required for this representation were obtained using the Goddard Trajectory
Determination System (GTDS) variation of parameters (VOP) averaged orbit
generator. The interpolation on mean elements was pei‘forrned using the

Lagrange and Hermite interpolation algorithms given below:

° Hermite two-point interpolator, using two sets of elements and

element rates

° Hermite three-point interpolator, using three sets of elements

and element rates
° Lagrange five-point interpolator, using five sets of elements

The grid spacings were chosen such that a minimum number of grid points

spanned the entire 3-day comparison arc.
2.1 SUMMARY OF ALGORITHMS

This section presents a summary of the three interpolators used.

2.1.1 Lagrange Five-Point Interpolator

At each interpolation time, the following computations are made for each ele-

ment:

E = e, (2-1a)

(ey-Be,+Be,-e.)
ila

(2-1b)

o
n
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(‘ei + lbe.a‘ 30831'1534 - es)

C = 24 (2-1c)

B= (2-1d)
i

(84 -4e; +6e, - 4e, + )

A= a4 (2-1e)

where €7 denotes the value of a given element at the ith grid point.

At each interpolation point associated with time t, the quantity p= (k-t,)/ q

is computed, where g is the grid interval in time and t3 is the time associated

with the third grid point. Then the interpoléted element is obtained as
elt) = E+ p{Di-p{_C-t-p(B-i—pA)]} (2-2)

2.1.2 Hermite Two-Point Interpolator

The required expressions for this interpolator are the following:

D= e, (2-3a)
C=aqé, (2-3b)
B= 3(ey-ey) -alae, +e,) (2-3c)
A= d(ey-e3)+a(eg+e,) (2-3d)
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where é-‘ are the element rates of the grid points.

At each interpolation point, the quantity p = (-t | q is computed. Then,

the following expression is evaluated for each element:

ety = D+p [C-\- p(B+ pA)l (2-4)

2.1.3 Hermite Three-Point Interpolator

For this interpolater, the required expressions are:

F = e& (2-53')

E=qge, (2-5b)
a(&y-&;)

D= eq-3de;+e,+ ) (2-5¢)

g(é-g_ +'B3'\- 1é‘&)

C=5(e,-¢,) - y (2-5d)

3(&1- 63) + g(é'i '\"Aé.a‘b és)

A = 2 (2-5f)




At each interpolation point, the quantity p = (t-tj) /g is computed. Then,

the following expression is evaluated for each element:

et) = ¢ +\3§E+ p[D+p(Q.+p(B+pA))]} (2-6)

2.2 INTERPOLATION ACCURACY OF MEAN ELEMENT REPRESENTATION

The accuracy of a TDRSS trajectory computed by interpolation on mean elements
was evaluated by comparison with a 3-day, high-precision trajectory. The re-

sults from these comparisons are presented below.

2.2.1 Adams Sixth-Order Interpolation

Comparisc;ns of trajectories were made at 20-minute intervals over a 3-day dur-
ation. These trajectories were generated independently using the averaged VOP
orbit generator with various interpolators and the high-precision Cowell orbit
generator. Solar radiation pressure, a 4 x4 geopotential, and solar and lunar
gravitational effects were included in the force model. The nominal state vec-

tor for the TDRSS mission is given in Table 2-1.

To isolate error contributions inherent in the mean element representation from
interpolation errors, a mean element trajectory was generated using the stand-
ard GTDS Adams integrator/interpolator. This interpolator is compatible with
theAintegrator, producing results consistent with the accuracy of the integrated
trajectory. This mean trajectory was compared with the high-precision trajec-
tory. The statistics from this comparison are given in Table 2-2. The root-
mean-square (rms) position errors are 1.21 kilometers for the radial (H)
component, 0.19 kilometers for the cross-track (C) component, and 0.62 kilom-
eters for the along-track (L) compohent. iThe rms velocity errors are
0.307x10™% kilometers/second, 0.122x107% kilometers/second, and 0.931x 104
kilometers/second, respectively, for the radial, cross-track, and along-track .

components. The minimum and maximum position differences for the radial,



Table 2-1. State Vector for the TDRSS

ToeS Eest
Parameter Value
Epoch 740228.
Semimajor axis (kilometers) 42163.79344
Eccentricity 0.25304x1073
Inclination (degrees) 2.0
Longitude of ascending node (degrees) 133.63074
Argument of perigee (degrees) 301.633
. Mean anomaly (degrees) 351.633
Latitude (degrees) 1.8 South
Longitude (degrees) 91 West
Period- (approximate) (minutes) 1440.00
Spacecraft area (kilometers?) 0.3x1074
Spacecraft mass (kilograms) 1402.00

2-5
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cross-track, and along-track components are 0.58 and 1. 77 kilometers, 0.0037

and 0. 28 kilometers, and 0.0031 and 1. 33 kilometers, respectively.

2.2.2 Hermite and Lagrange Interpolation

TDRSS mean element trajectories were generated using Hermite and Lagrange
interpolators on the integrated mean elements and rates. The interpolated re-
sults were compared with a high-precision ORB1 File at intervals of 20 minutes.
The high-precision file, unless otherwise stated, was always generated by a
Cowell-type orbit generator. The statistics from such comparisons are given

in Table 2-2. These estimates are discussed below.

In the case of two-point Hermite interpolation, with a grid spacing of 4 days,
the total representation errors (as shown in Table 2-2) are the following: (1)
the rms position errors are 1.21 kilometers for the radial component,

0.23 kilometers for the cross-track component, and 0. 64 kilometers for the
along-track component; (2) the rms velocity errors are 0.33 x 10-4
kilometers/second for the radial component, 0.10x 10-4 kilometers/second for
the cross-track component, and 0. 93 x10~4 kilometers/second for the along-
track component; and (3) the minimum and maximum position differences are
0.58 kilometers and 1. 76 kilometers for the radial component, 0.0039 kilom-
eters and 0. 36 kilometers for the cross-track component, and 0. 0045 kilometers

and 1. 33 kilometers for the along-track component.

For the three-point Hermite interpolation (with a grid spacing of 2 days)

the total representation errors (as given in Tabie 2-2) are as follows: (1) the
rms position errors are 1.22 kilometers for the radial component, 0. 19 kilo-
meters for the cross-track component, and 0.62 kilometers for the along-
track component; (2) the rms velocity errors are 0.31 x 10.4 kilometers/
second for the radial component, 0.12 x 10-4 kilometers/second for the
cross-track component, and 0,93 x 10-4 kilometers/second for the along-
track component; and (3) the minimum and maximum position differences are

0.58 and 1. 77 kilometers for the radial component, 0.0040 and 0.28 kilometers



for the cross-track component, and 0.0038 and 1. 33 kilometers for the along-

track component.

The representation errors in the case of five-point Lagrange interpolation
(with a 1-day grid spacing) are as follows: (1) the rms poosition errors

are 1.22 kilometers for the radial component, 0.19 kilometers for the
cross~track component, and 0.62 for the along-track component; (2) the rms
velocity errors are 0.31 x 10'-4 kilometers/second for the radial component,
0,12 x 10"4 kilometers/second for the cross-track component, and 0.93 x 10‘-4
kilometers/second for the along-track component; and (3) the minimum and
maximum position differences are 0.58 and 1. 77 kilometers for the radial

component, 0.0033 and 0.28 kilometers for the cross-track component, and

0.0035 and 1. 13 kilometers for the along-track component.

The differences between the high-precision and the interpolated mean element

trajectories are plotted in Figures 2-1 through 2-24.

This evaluation of interpolation accuracy using a mean element representation
indicates that all interpolators produced about the same results, with root-sum-
square (rms) position errors of about 1.5 kilometers and maximum errors of

2.2 kilometers.
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SECTION 3 - FOURIER SERIES CARTESIAN COORDINATE
REPRESENTATION

A represeatation of the form
N M . .
Z Z [a.;i ' sin(iwt) + b"i £ cos (iwt)] (3-1)
10 j0

where @ is the mean orbital frequency, was assumed for the Cartesian state
variables. Such a representation is consistent with the theory of orbital dynam-

ics. In practice, the series was used in the nested form (Reference 2)

F& = {aoo+ t [By, +t (Bpg+ N1}
w{Aprt [A +t(Ag+)) 11 sinlut)
+ {8, +t [B, +t(8,0-))1] eos(wt)
+ {Azo #t [Ay #t (Agp+- 0T} sin?(wt) (3-2)
* {520 rt[By +t (Bzg++))]} sin(wt) eos(ot)
{A30+1 [Ay + t (Asg+=0) T} sin®(ut)
# {Bap s t[By +t (Bager )1} sin? (k) cas (wt)

+

The coefficient in the preceding series are determined by a least-squares fit of
each of the high-precision Cartesian state variables over a 3-day interval. The
mean orbital frequency was computed from the mean semimajor axis, which was

obtained from the numerical osculating-to-mean conversion procedure available

in GTDS.
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Three different subsets of the coefficients, viz,

[ ] The S5-set: {Boo, Alo, B].O' Azo, B203

b
®  The7T-set: {Byg, A1p, Bygs Aggs Bogs Aggs Byg)
®  The l4-set: {Byg, Ay, Byg, A, Bogs Aggs Bygs Byys A110 Byps
Agys Byyr Agys By

were evaluated at grid intervals of 50 minutes. It was found that while the 5-set
is insufficient in terms of accuracy of the trajectory determination, the 7-set is
optimum, since it is faster and almost as accurate as the 14-set. Using the op-~
timal 7-set computed for grid intervals of 50, 100, and 150 minutes, the trigono-
metric series was evaluated at intervals of 20 minutes and the resulting'trajectory
compared with the high-precision file generated by the GTDS Cowell orbit gener-

ator.

The representation errors obtained using the 50~-minute interval with the set
of seven coefficients are given in Table 2-2. For this case, the rms position
errors are 0. 14 kilometers for the radial component, 0.16 kilometers for
the cross-track component, and 0. 34 kilometers for the along-track compo-
nent. The rms velocity errors are 0.21 x 10-4 kilometers/second for the
radial component, 0.11 x 10-4 kilometers/second for the cross<track compo-
nent, and 0.18 x 10-4 kilometers/second for the along-track component.

The minimum and maximum position differences in the 50-minute, 7-set
case are 0.27 x 10"4 and 0.41 kilometers for the radial component,

0.63 x 10-3 and 0.48 kilometers for the cross-track coﬁmnent, and

0.20 x 10'-2 and 0. 63 kilometers for the along-track component.

A similar comparison was performed using the set of seven coefficients
computed from data at 100-minute intervals. The errors, summarized in
Table 2-2, are as follows: (1) the rms position errors are 0. 14 kilometers

for the radial component, 0.16 kilometers for the cross-track component, and
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0. 34 kilometers for the along-track component; (2) the rms velocity errors

are 0.21 x 10'-4 kilometers/second for the radial component, 0.11 x 10—4

kilometers/second for the cross-track component, and 0.18x 1074 kilometers/
second for the along-track component; and (3) the minimum and maximum
position differences are 0.19x10-3 and 0. 39 kilometers for the radial compo-
nent, 0. 37x1073 and 0. 46 kilometers for the cross-track component, and

0.24x10~2 and 0. 63 kilometers for the along-track component.

The results of a similar comparison performed using the set of seven coeffi-
cients computed from data at 150-minute intervals are as follows. The rms
position errors are 0. 14 kilometers for the radial component, 0.17 kilometers
for the cross-track component, and 0.34 kilometers for the along-track com-
ponent. The rms velocity errors are 0.21 x 10-'4 kilometers/second for the
radial component, 0.11 x 10-4 kilometers/second for the cross-track compo-
nent, and 0.18 x 10'-4 kilometers/second for the along-track component. The
minimum and maximum position differences are 0.52 x 10_3 and 0,37 kilo-
meters for the radial component, 0.34 x 10-'3 and 0. 56 kilometers for the
cross-track component, and 0.95 x 10-1 and 0.63 kilometers for the along-

track component.

The results of the comparison between the high-precision and the trigonometric

series reconstruction of the trajectories are presented graphically in printer
plots produced using the GTDS COMPARE Program. These plots are given in
Figures 3-~1 through 3-18.

A comparison of the results obtained with the trigonometric series using data
at 50-, 100-, and 150-minute intervals, respectively, shows that there there
is no significant difference in the position and velocity errors. In view of this
fact, it is recommended that at least a 150-minute data interval be used to min-

imize the computational cost.
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SECTION 4 - CONCLUSIONS

A summary of the results and conclusions is presented in this section.
4.1 SUMMARY OF REPRESENTATION ACCURACY RESULTS

Evaluation of the accuracy of several ephemeris representations for the Track-
ing and Data Relay Satellite System (TDRSS) was performed. Specifically,
trigonometric series representations of the Cartesian state variables and

mean element representations with Hermite and Lagrange interpolators

were used. The following results were derived from this evaluation:

° Direct evaluation of a trigonometric series representation of the tra-
jectory is accurate to better than 1 kilometer. Crucial to the success
of this method is the choice of the number of coefficients in the orig-
inal series. Seven coefficients appear to be optimal. Further, the
accuracy of this representation trajectory is equivalent for coefficients

computed using 150-, 100~, or 50-minute data.

) Use of a Hermite or Lagrange interpolation on mean elements is cap-

able of achieving a 2-kilometer representation accuracy.

4.2 COMPARISON OF OBC TIME AND CORE REQUIREMENTS

The trigonometric series and mean element representations are compared in
terms of onboard computer (OBC) computational cost and the length of the uplink
data set. The following analysis is based on preliminary studies performed'b_y
Charles Shenitz of Computer Sciences Corporation (Reference 3). The cost of
evaluating the trigonometric séries is dependent on the number of terms in the
series. It is found that if 36 coefficients are used, the evaluation of the series
takes approximately 100 milliseconds. If 29 terms are used to evaluate a grid
point, 85 milliseconds are needed for the procedure. Similarly, 22 terms re-
quire 70 milliseconds, 15 terms require 50 milliseconds, and an 8-term series

requires 30 milliseconds. If an interpolator is used with the trigonometric

4-1



series, the series is evaluated once per grid interval. An additional 40 milli-
seconds is needed at each grid-point evaluation for computing new interpolation
coefficients. Each interpolation call requires 20 milliseconds when interpolation

coefficients are available.

Estimates of the uplink data set length and OBC timing requirements for the mean
element and Cartesian representations are summarized in Table 4-1. Since the
same set of interpolation coefficients holds over the entire 3-day arc in the case
of the mean element representations, the interpolation coefficients could be up-
linked rather than the element and element rates, thus saving their computation

in the OBC.

From this comparison alone, it would appear that the mean element representa-
tion is more efficient both in terms of uplink data set length and interpolation
cost. However, since position and velocity are required on board, the cost of
conversion must be added to the mean element interpolation costs. This cost

is not available for the SMM OBC; however, it is probably more expensive than
the interpolation cost. Thus, the direct evaluation of the trigonometric series
representation of Cartesian state variables appears to be an excellent choice,

combining simplicity of algorithm with a reasonable, predictable timing cost.
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